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Abstract

We propose Energy-based generator matching (EGM), a modality-agnostic ap-
proach to train generative models from energy functions in the absence of data.
Extending the recently proposed generator matching, EGM enables training of
arbitrary continuous-time Markov processes, e.g., diffusion, flow, and jump, and
can generate data from continuous, discrete, and a mixture of two modalities. To
this end, we propose estimating the generator matching loss using self-normalized
importance sampling with an additional bootstrapping trick to reduce variance in
the importance weight. We validate EGM on both discrete and multimodal tasks
up to 100 and 20 dimensions, respectively.

1 Introduction

We tackle the problem of drawing samples from a Boltzmann distribution prareet(2) o< exp(—E(z))
given only oracle access to the energy function £(z) and no pre-computed equilibrium samples.
Such “energy-only” inference arises throughout machine learning, e.g., Bayesian inference [15]
and statistical physics, e.g., computing thermodynamic averages [29], yet it remains intractable in
high-dimensional or combinatorial state spaces. Classical methods based on Markov processes, e.g.,
Metropolis—Hastings [28, 18], Gibbs sampling [16], and Metropolis-adjusted Langevin algorithm
[17, 33], provide asymptotically exact guarantees, but at the cost of long mixing times. In practice,
one must run chains for a vast number of steps to traverse metastable regions, and each transition
incurs an expensive energy evaluation, limiting applicability to large-scale systems [32].

Deep generative models, particularly diffusion and flow models tied to continuous-time processes [35,
25], offer a compelling alternative: after training, a cheap constant-cost network evaluation can
produce independent samples. Once trained, they do not require energy queries for inference. These
models show great success in vision [34], language [24], and audio [21], and can be transferred
to unseen conditions. However, their success critically depends on data-driven training on a large
number of true equilibrium samples, which are unavailable when only an energy function is known.

In response, researchers have designed new energy-driven algorithms, coined diffusion samplers, to
train diffusion-based generative models to sample from the Boltzmann distribution. For example, path
integral samplers (PIS) [41] and denoising diffusion samplers (DDS) [37] minimize the divergence
between a forward SDE and the backward SDE defined by a Brownian bridge. Akhound-Sadegh
et al. [1] proposed iterated denoising energy matching (iDEM), a simulation-free approach to train
diffusion models, highlighting the expensive simulation procedure for acquiring new samples from
the diffusion-based models. Generative flow networks (GFNs) [3, 22], originating from reinforcement
learning, can also be interpreted as a continuous-time Markov process (CTMP) in the limit [6].

However, there still exists a gap between the data- and energy-driven training schemes, particularly on
the choice of state spaces and CTMP. Especially, Holderrieth et al. [19] recently proposed generator
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matching (GM), which allows unified data-driven training of continuous-time processes ranging from
flow, diffusion, and jump processes for both continuous and discrete state spaces. This allows training
a generative model for hybrid data, e.g. amino acid sequences and 3D coordinates of a protein [7],
and greatly expands the available space of parameterization.

Contribution. We propose energy-based generator Table 1: Comparison of sampling methods
matching (EGM), an energy-driven training frame- by state space type and underlying Markov
work for continuous-time Markov processes parame- process. “D”, “F”, “J”, “J (D)” denotes the
terized by a neural network. EGM accommodates con-  diffusion, flow, continuous jump, and dis-
tinuous, discrete, and mixed state spaces and applies  crete jump process respectively.

to various process types, including diffusion-, flow-,

and jump-based models. Our work greatly expands the ~_Method D F J JD
scope of energy-driven training for continuous-time  PIS [41], iDEM [1], CMCD [38] X x %
iEFM [39], LFIS [36], NFS? [8] % x %
neural processes (See Table 1). LEAPS [20] % x x
EGM (ours)

To this end, our EGM estimates the generator match-
ing loss with self-normalized importance sampling, which requires approximating samples from the
target distribution. However, this is challenging due to the high variance in importance weights. To
alleviate this issue, we introduce bootstrapping, which allows the generator to be estimated using
easy-to-approximate samples from the nearby future time step. It reduces the variance of importance
weights, significantly boosting the sampler’s performance.

We validate our work through experiments on various target distributions: discrete Ising model and
three joint discrete-continuous tasks, i.e., the Gaussian-Bernoulli restricted Boltzmann machine (GB-
RBM) [9], joint double-well potential (JointDW4), and joint mixture of Gaussians (JointMoG). Our
findings demonstrate that the training algorithm enables parameterized CTMP to learn the desired
distribution and is scalable to reasonably-sized problems.

2 Preliminary: Generator matching on general state space

In this section, we provide preliminaries on generator matching (GM) [19], which allows generative
modeling using arbitrary continuous-time Markov processes (CTMP).

Notation. Let S denote the state space with a reference measure v. We let pire denote the target
distribution with samples 1 ~ Prarger. We denote a probability measure p on S by p(dx), where “dz”
indicates integration with respect to p in the variable x. If p admits a density, and when no confusion

arises, we use p both for the measure p(dx) and its density p(z) := {% (x) with respect to v.

Overview of generator matching. GM relies on a set of time-varying probability distributions
(pej1(dx|r1))o<i<1 depending on a data point ;1 € S, coined a conditional probability path. This
induces a corresponding marginal probability path (p;)o<¢<1 via the hierarchical sampling procedure:

T1 ~ Prarget; T ~~ pt\l(dx‘xl) = T~ pt(d{L‘>. )]

GM trains a Markov process (X! )o<¢<1, parameterized by a neural network, to match the marginal
probability path p;. After training, the induced probability path of the Markov process aligns with p,,
enabling sampling from pereer = p1 by simulating the trained process X 9.

Generators. A generator characterizes a CTMP through the expected change of a test function
f 5 — Rin an infinitesimal time frame. It is a linear operator defined as:

d EXt+}LNpt+}L\t("x)[f(Xt+h)] - f(z)

,th(l‘) = % . EXt+h~pt+h,\t('|m) [f(XH'h)] - }ILILI%) h 7
=0
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where p, 1. denotes the transition kernel of Markov process X;. If two Markov processes X L and
X? have identical generators £} and £2, the processes are equivalent.

Linear parametrization of generators. For commonly used Markov processes, e.g., diffusion, flow,
and jump processes, the generator can be linearly parameterized as L, f(x) = (Kf(x), Fi(x))y
where K is an operator fixed for each type of Markov process, V' is a vector space, and Fy(x) € V is
the parameterization. For example, F; = u; for flow model with ODE dx = w;(x)dt, F; = af for
diffusion with SDE dx = o(z)dw, or F}; = @, for discrete jump with transition rate matrix Q;(y, =)
described by the Kolmogorov equation 0ip:(y) = >_, ¢ 5 Q¢ (y, 2)pe(z).



XO !i Xt I Xl p1|t(' |x) q1|t(. IX) qut(~ |x)

@ FM F@ Fi(x)@ prieC 1)
- r[t\ 1
@ = G
D1

ARG Fiii(x) ORI
Po Pt

(a) Probability path (b) Generator matching (c) EGM (d) EGM w/ bootstrapping

Figure 1: Overview of energy-based generator matching (EGM). (a) The target probability path that
interpolates between the prior and the target distribution; we aim to estimate the F}(z) as a (Weighted)
average of conditional generators. (b) GM draws x1 ~ py(-|z) with uniformly weighted F, t|1 I(x).
(c) EGM draws 1 ~ ¢q);(-|) with importance weighted F}/](x). (d) EGM w/ bootstrapping

t[1
draws x, ~ ¢, +(-|z) with importance weighted F”T ().

Marginalization trick. The key idea of GM is to express a marginal generator £, that generates
probability path p; by conditional generator Eflll for the conditional probability path p; (|1). This
leads to the expression of the parameterization F} for the generator £; using parameterization F,! of

t|1
conditional generator L7} H To be specific, the marginalization trick is expressed as:

Lif(z)= zlwpl‘, [ t\lf( )] Fy(z) = EIlNPw( \1)[ t\l( )] )

where p;|;(dz:|z) is the posterior distribution, i.e., the conditional distribution over data z; given
an observation x at time ¢. Intuitively, at any point (x, ), the marginal generator £; steers z in the
average direction of endpoints x; sampled from the target distribution.

Conditional generator matching. GM trains a neural network F} to approximate the parametrization
F} of marginal generator £, using a Bregman divergence D : V x V — Rx:

Lom(8) = Etmtnit, womp: [D(Fi(z), Fte(fﬂt))L 4)

which is hard to minimize since F} is intractable to estimate. Instead, one can minimize the conditional
generator matching (CGM) loss expressed as follows:

Leom(8) = Bintnit, 2 ~pugen zemopeps Cla) [P (i (20), FY (00)) ] ®

One can derive that Vo Lom(0) = Vg Lcom(0), and gradient-based minimization of the CGM loss is
equivalent to that of the GM loss.

3 Energy-based generator matching

In this section, we introduce energy-based generator matching (EGM), the first method for learning
neural samplers on general state spaces via continuous-time Markov processes. EGM extends the
GM framework to energy-driven training by estimating the marginal generator with self-normalized
importance sampling (SNIS). To this end, we define a variant of GM loss Lgy in Equation (4):

LEGM(G) II':':thmf zy~opet [D (Ft (xt)v F‘t(9 (xt))]a (6)

ref s

where F} is the energy-driven estimator of the parametrlzatlon F; and pi® is a reference distribution

whose support covers the probability path p,. Note that, when F,=F, minimizing Lggym guarantees
that the learned sampler Ff recovers samples from the target distribution prarges.-

We first present our scheme to compute the estimator F}, then describe a bootstrapping technique
for variance reduction of the importance weight, and finally provide the training algorithm. Figure 1
provides a visual overview of these estimators. We also include examples demonstrating how EGM
accommodates diffusion, flow, and jump processes.”

2We include the derivation and example in Appendix B for mixed state space.



3.1 Marginal generator estimation via self-normalized importance sampling

Problem setup. We consider the sampling problem from a density® p; (x) = p1(x)/Z given only
the unnormalized density p1 (z) = exp(—&;(z)) with intractable partition function Z = [ py (dx).

Following GM, our goal is to train a neural network F}Y to approximate the parametrization Fy of the
marginal generator £, in Equation (3).

SNIS estimation of the generator. First, consider the following importance sampling estimator:

£~ Brio oG] i - AL B

We avoid computing intractable Zp, () for the importance weights by using SNIS scheme:

12)(55,371) ’lIJ(fE7x1)
= = : 8
» wiz ) Zpe(x)  Eayngy (o [0(2, 21)] v

D 1) e P1(x1)pepr (z]21)
(@21): Ch\t(itl\x)

One can compute the self-normalized weight without knowing the normalization constant Zp;(z).
Furthermore, when we use the same set of samples for estimating the generator and normalization
constant, we obtain a low-variance estimator at the cost of inducing a bias.

Energy-based generator matching (EGM). The linear parametrization of the generator admits the
importance sampling expression F3(z) = Eq, g, , (o) [w(2, 21) F} ()]. Then the loss is:
)
> (w2 F (w)
i, a”)
where xgi) are sampled from the proposal q;;(-|z). We implement F} using the LogSumExp trick,
which provides a numerically stable estimator even in the low-density region.

(€))

Leom(0) = ]EtNUnif, Ty~opet [D(Ft(xt)the(xt))]a Ft(m) =

Example 1: Conditional optimal-transport (OT) path. EGM can be applied to train a neural
flow sampler driven by the conditional OT path [25]. In the flow model*, the conditional probability
path and its conditional velocity field are expressed by py; (z|z1) = N(x;tx, (1 — ¢)*Id) and

ug (w|wy) = H=F fora, o € R?. Choosing the proposal q1j¢(w1|z) o< pyj1 (2]21), one obtains,

(1-1)? i 52 o (g (")
que(x |x)=]\/'<x;x, I), (x) = - )
l‘t 1 1 t t2 t ZZ ﬁl(xg ))

Example 2: Discrete masked diffusion. EGM also supports masked diffusion path®, which has
recently gained popularity in language modeling. In the masked diffusion path?, the conditional
probability path and the conditional transition rate matrix are expressed as p;|1 (z[21) = K¢dq, () +
(1 — k¢)dnr(x) and ey (y, z|21) = 1_"”,'% (02, (y) — 6.(y)) where M € S is the mask token, £ :
[0,1] — R is a schedule, and §,, is Dirac delta distribution at 2. In this setting, the proposal and the
estimator are,

(10)

_ [ Unif(z;8 = M) (z= . >y ﬁl(fcgi))um(y,wlwgi))
q1|t(x1|x) - {6x(xl) (.T # M) ’ ut<y’$) - Zlﬁl(xgz)> :

Y

3.2 Bootstrapping tricks for low-variance estimation

The quality of the estimator in Equation (9) depends critically on the proposal distribution gy ;. In the
ideal case, the proposal q;|; that matches the posterior p;|; ensures that EGM is unbiased and aligns
with GM. However, the simple choice of gy ¢ (1 |z¢) o< pyj1 (2¢|21) leads to a mismatch with the true
posterior py 4, resulting in high variance in the importance weight.

For a nearby future time step > ¢, the posterior p, (2, |z;) is similar to the backward transition

Prie(@rlTe) _ pr(ze) . " .
kernel py|,-(7¢| ) because e @den) = pila) 1 for continuous densities. Thus, a simple proposal

3Though density may not be defined in general, it is given a priori in the sampling problem.
*For a detailed description of flow model and masked diffusion path, see Appendix C.
>Discrete masked diffusion is a discrete jump process which has transition rate matrix u (y, ).



@rjt(xr]2s) oC Pyjr(2¢|2,) can effectively match the posterior p,.(z,|x;), reducing the variance
of importance weights. To exploit this, we derive a generalized marginalization trick using the
intermediate state x,..

Backward transition kernel with marginal consistency. To derive bootstrapping, we need to
choose a backward transition kernel py|, which satisfies the marginal consistency described by the
Chapman-Kolmogorov equation:

pei (1) = /Pt|r('|$r)P7-|1(d$r|I1)- (12)

Not every py, with marginal consistency is tractable. For instance, in the flow model, p;,. is
deterministic, making density evaluation infeasible. We give examples of tractable backward transition
kernels satisfying our condition for diffusion, flow, and masked-diffusion paths in Appendix C.

Bootstrapped marginalization trick. Now, we generalize Equation (3) and show that the
marginal generator £; can be expressed as marginalization over generators Eflg; for probability
paths (py-(dz|z,))o<t<, conditioned on time 7, instead of the conditional generators Ef‘ll To this
end, we define marginal consistency of conditional generators as follows:

Eaymprpy i Clava) (Lo f (@) = Ly f (). (13)

With generators ﬁfl; conditioned on time r satisfying the consistency, we express the marginal
generator £;. We provide the corresponding proof in Appendix A.

Theorem 1 Let Efl’; denote the conditional generator for conditional probability path py),(-|z,)

for 0 < ¢t < r < 1. If the backward transition kernels py|. satisfy the Equation (12) and the
conditional generators satisfy Equation (13), then the marginal generator can be expressed as follows,

regardless of r:
‘th(x) = E:vTNth(~|m) [Ef‘:f(x)]a (]4)

where p,.(dx,|x) is the posterior distribution (i.e., the conditional distribution over intermediate
state x, given an observation x at time t).

Bootstrapped SNIS estimation of the generator. Using a proposal distribution g, .(-|z), the
marginal generator can be estimated as follows:

r)= w(x, ) LT flx wlz. 2. — Prie(@r|z) o pr(Ir)pt\T(ﬂxr)
Etf( )7E(If’r‘~q7“t(.‘w)[ ( ’ r)ﬁt\rf( )]7 ( ’ 7’) - QT\t(xr|l') - pt(x)q,«“(mT\m) .

Similar to Section 3.1, we also consider the estimator based on the self-normalized importance
sampling scheme to reduce the variance of the IS estimator. With a simple choice of g, ¢ (z,|z;) o
Py|r(2¢|2,), unnormalized importance weight becomes:

~ o ]57'(x7') 5oz = 2ol V51 (da
ien) = g Py )= el a9

Then we obtain the following marginal estimators:

15)

- i () . i z ()
> (e, o)Ly f() by >, ) F (2) 17
- () ’ t(‘r)* ~ () 3 a7
Ziw(xafr ) Ziw(x7x'f )
(2)

where z;-~ are sampled from the proposal ¢, (-|z) and th; is the parametrization of Eflj .

ﬁtf(x) =

Intermediate energy estimator. Note that the unnormalized density p, is intractable, unlike p; in
Equation (9). Therfore, we train a surrogate $ () to approximate the unnormalized density of the
intermediate state z,.. This surrogate can be learned using the following estimator:

o) = [ Do) de: = Zup () By, o a0, (1)

where Z;|.(x,) is the normalization constant of the proposal q.(z1]|2z,) o pyji(zr|z1). The
estimator 1s unbiased, but exhibits high variance. Therefore, we learn the energy of intermediate state,
Er(zy) := —log pr(x,) that can be expressed using the target energy function &; (x):

Er(ar) = —log By, vy, (|, lexp(=E1(21))] — log Zy),(27), (19)



Algorithm 1 Iterated training with EGM loss with bootstrapping

Require: Network FY, Sf , replay buffer B < (), bootstrapping step size € and batch size b.

1: while Outer-loop do
2: Sample {1 }?_; from the simulation of the current sampler F¥ and set B « B U {z1}2_;.
3: while Inner-loop do
4: if bootstrapping then
5: Sample t ~ Unif[0, 1], r <~ min(t + ¢,1), 1 ~ Band z; ~ py1(-|z1).
6: Update ¢ to minimize Lngwm as defined in Equation (20).
7: Compute the bootstrapped estimator E} (z; ¢, ) with the proposed sample 29 ~ grit (|zt).
8: Update 0 to minimize Lgcm-gs as defined in Equation (21).
9: else ,
10: Compute the SNIS estimator £} (z) with the proposed sample x<11) ~ que(|xe).
11: Update 0 to minimize Lggwm as defined in Equation (9).
12: end if

13: end while
14: end while

To learn the surrogate, we train on a general version of noised energy matching (NEM) [30] objective:

Lnem(9) = Eq, i

£2Ge0) — Enlan) 3] €)= —log 1o 3 exp(~1(al)) ~ log Zuj (),

(20)
where azgl), e ng) is sampled from g, ;. Then our final loss from Equation (9) becomes:
o)

s exp(—EL () iy (1)
>, exp(—€L (a1))

Leomeps (605 ¢) = Ey, pr [D(Ft(xt;¢)7Ft0($t))], Fy(x; ¢,7) =

)

2D
where 27 is sampled from the proposal g, ;(-|z).
Example 1: Conditional OT path. To apply bootstrapping with conditional OT path, we
show that the backward transition kernel py|,.(z¢|z,) = N (x¢; Lx,,0,]) and conditional veloc-
ity wyy, (2e|z,) = Lo, + 2% (z¢ — Lz,) satisfy backward Kolmogorov equation with above pro-
posed conditional probability path p;; where o, = (1 — ¢)? — %(1 — r)2. Choosing the proposal
QT|t(xr|xt) &S pt\r(xt|xr)’ one obtains,

roor? . i Pr Sﬁg) Ut|r\ Tt | Ly
it (Tr|t) =N (fft; tiﬂt,tQUtI> o () = 2t ~) tl(z)( ! ) (22)
Zipr(xr )

We check that the transition kernel py),. satisfies the assumption we proposed in Appendix C.

Example 2: Discrete masked diffusion. For masked-diffusion path, the backward transition kernel
and conditional transition rate matrix are given as py|, (z¢|z,) = 2£6,, () + “=="0p () and

ot

) (Y, 2|7 ) = = (02, (Y) — 0z, (y)). Then, the proposal and the estimator are®,

= (1) (1)
K Ky — K ~ i Dr(ZTr )u r(y’x Ly )
ert($r|$t =M)= *t5M(33r) + t, Uy, x) = E ( ! | :

o & AR

(23)

3.3 Training details

We now describe the training algorithm for EGM, with the full procedure provided in Algorithm 1.

Bi-level training scheme. To choose a reference distribution pi' that is close to p;, we use hierarchical
sampling procedure x1 ~ B, x; ~ py1(-|z1) with replay-buffer B that approximates p;. This leads
to the following form of EGM objective:

LEGM(Q) = Ethnif,xle,xthm(~|x1) [D (Ft (xt)v Fte (xt))] (24)

SNote that g, ¢ (zr|z¢ # M) = 64, (2+), the token flipped to the data token does not change thereafter.



Table 2: Performance of EGM on Ising model in terms of energy W, (£-W;) and magnetization W,
(M-W),). For reference, we report the metric of the Gibbs sampler. Each sampler is evaluated with
three random seeds, and we report the mean =+ standard deviation for each metric. Results shown in
bold denote the best result in each column.

Energy — 5 x 5 Ising (d = 25) 10 x 10 Ising (d = 100)

Parameters — 5=02,J=1.0 s=04,J=1.0 8=02,J=10 5=04,J=1.0
Algorithm | EWil MW ) EWil MW] EWil MW EWr M-Wy |
Gibbs 0.10+0.02  0.06+0.02 0.71+0.43 0.23+0.18 0.53+0.04 0.04+0.01  5.29+1.95 0.29+0.11
EGM (ours) 0.20+0.06  0.02+0.01 3.73+0.39 0.24+0.02 0.84+0.07 0.02+0.00 19.94+0.69 0.36+0.01

+Bootstrapping (ours) 0.10+0.06 0.02+0.01 0.60+0.12 0.04+0.01 0.39+0.3¢ 0.06+0.07 2.51+0.16  0.24+0.01

Ising (5 x 5, B=0.2) Ising (5 x 5, B=0.4) Ising (10 x 10, B=0.2) Ising (10 x 10, B=0.4)
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Figure 2: Comparison of energy (top) and magnetization (bottom) histograms for ground-truth
samples and various sampling methods.

When the buffer remains close to p;, our loss approximates the generator matching loss in Equation (4).
We achieve this by continuously updating the buffer, using the bi-level scheme introduced in Akhound-
Sadegh et al. [1]. The bi-level scheme alternates between an outer loop and an inner loop, where
in the outer loop the buffer B is improved by drawing samples from the current sampler F?. For
the inner loop, the sampler F} is trained to minimize the EGM loss with B held fixed. Because the
sampler is updated in the inner loop, the samples collected in the subsequent outer loop reflect its
improved performance, thus progressively improving the buffer.

Forward-looking parametrization for masked diffusion. We also introduce a trick to further boost

the training of masked diffusion samplers for graphical models via inductive bias on the estimator Ef .
To this end, consider a graphical model defined on graph G = (V, E') with vertices V" and edges E. It
defines a distribution of vertex-wise variables * = {z; };cy using an energy function £ expressed as

a product of edge-wise potentials {1); ;}(; j}ep. .., p1(z) x exp(—E(z)) = i jyen iy (xf,27)
where we let 2° denote the variable associated with vertex i € V.

For these models, we can express the intermediate distribution p;(z:) using fixed configurations,
since once a token is converted from a mask to a data token, it remains fixed thereafter. To this end,

let I; denote the set of edges with deterministic value at time ¢, and the intermediate distribution can
be expressed as follows:

pele) = [ (i ad) / pelaler) [ (et 2]) das. (25)

{i.jrel {i,j}EE\I;

Hence, it suffices to estimate the contributions of the undetermined region, which leads to our
parameterization & as: & () = NNy (z,t) — >yt 108 Vi (xi, 7).

4 Experiments

In prior work, research has concentrated mainly on diffusion-based samplers, leaving purely discrete
and multimodal settings underexplored. To fill this gap, we evaluate EGM on purely discrete and



Table 3: Performance of EGM on multimodal task. For reference, we report the metric of the Gibbs
sampler. Each sampler is evaluated with three random seeds, and we report the mean + standard
deviation for each metric. Results shown in bold denote the best result in each column.

Energy — GB-RBM (d = 5) JointDW4 (d = 12)  JointMoG (d = 20)
Algorithm | EWrl x-Ws | EWrl EWrl
Gibbs 0.77+0.03 5.12+0.21 4.8040.02 7.76+0.02
EGM (ours) 0.33+0.02  0.63+0.10 2.45+0.07 8.83+0.12
+Bootstrapping (ours) 0.20+0.15  0.61-+0.09 1.65+0.96 1.20-+0.32

(a) Gibbs (b) EGM (c) EGM + BS (d) Gibbs (e) EGM (f) EGM + BS

Figure 3: Sample plots of GB-RBM (a-c) and JointMoG (d-f). Samples are projected onto the
first two continuous dimensions. BS stands for bootstrapping. Contour lines represent the target
distribution, and colored points indicate samples from each method.

joint discrete—continuous tasks. Specifically, we employ jump-based neural samplers for purely
discrete tasks and combine discrete jumps with continuous flow to tackle multimodal tasks. These
experiments demonstrate EGM’s performance and versatility.

Our primary evaluation metric is the energy-W, (£-W) distance, consistently applied across tasks
and complemented by qualitative visualizations. Since no jump-based or hybrid discrete—continuous
neural sampler baselines exist, we include a traditional Gibbs sampler [16] as our competitive baseline.
Although Gibbs sampling is guaranteed to converge given sufficiently many iterations, we use four
parallel chains with 6000 steps each to reflect a realistic computational budget for the per-sample cost
and to yield reasonably competitive results. Detailed descriptions of the energy functions, evaluation
metrics, and experimental protocols are provided in Appendix D.

4.1 Discrete EGM on the 2D Ising Model

We assess the performance and scalability of EGM using the two-dimensional Ising model, varying
both grid dimension and temperature. The Ising model is a canonical benchmark in probabilistic
inference and sampling, with well-established ground-truth samples facilitating robust evaluation.
The Ising model, whose complexity can be tuned via temperature and grid size, serves as an ideal
testbed for our jump-based sampler.

We report the quantitative results in Table 2, alongside comparisons to the traditional parallel-Gibbs
sampler as a baseline. Given the absence of metric structure in the discrete Ising model, we adopt
the W distance over energy and average magnetization M = ), x; as metrics. EGM consistently
matches or exceeds baseline performance across metrics. Especially, bootstrapping improves the
performance even in high-dimensional settings near critical temperatures 5 = 0.4.

Qualitative evaluations presented in Figure 2 depict energy and average magnetization histograms for
the Ising model with low temperature 8 = 0.4, showing EGM’s ability to accurately capture the true
energy distribution.

4.2 Multimodal EGM on GB-RBM, JointDW4 and JointMoG

We validate EGM on joint discrete—continuous sampling tasks using three synthetic benchmarks:
Gaussian-Bernoulli restricted Boltzmann machine (GB-RBM) [9], double-well potential with type-
dependent interactions (JointDW4), and discrete-continuous joint mixture of Gaussians (JointMoG).
We choose GB-RBM to show an application of sampling from the energy-based model. JointDW4
mimics a simplified molecular sequence-structure co-generation problem. JointMoG is a mixed-state
extension of MoG that is common in diffusion-sampler benchmarks. For all the experiments, we



adopt conditional-OT or variance exploding paths as a conditional probability path for the continuous
flow sampler, and a masked diffusion path for the discrete jump sampler.

Quantitative outcomes are summarized in Table 3. For GB-  °% Ground Truth

RBM, we also use x-W, for the first two continuous dimen- =S|
sions. Qualitative results for GB-RBM and JointMoG in Fig- 2 Gibbs

ure 3 visually demonstrate EGM’s capacity to capture all dis- £ 010

tinct modes accurately. In Figure 4, we observe that EGM (with <

bootstrapping) correctly models the true energy distribution ' EHLW
in JointMoG compared to the Gibbs sampler. Bootstrapping 0.00F " = —
consistently improves performance in capturing multiple modes Energy

of the distributions. Figure 4: Energy histograms on the

samples from multiple samplers vs.

5 Related Works ground truth of JointMOG.

Diffusion samplers. Diffusion samplers cast sampling as a stochastic control or denoising problem.
Early work, such as the path integral sampler (PIS) [41], required on-policy SDE simulations per
update, leading to high computational costs. Subsequent variants explored different probability
paths [37, 5, 38] and divergences [38, 31], yet most still rely on solving or simulating SDEs to
compute their objectives. To reduce this burden, off-policy methods like iDEM [1], iEFM [39], and
BNEM [30] estimate the marginal score (or flow) directly and eliminate inner-loop simulation; PINN-
based approaches such as NETS [2] similarly train samplers without rollouts. While these advances
improve efficiency in continuous spaces, discrete or jump process samplers remain underexplored.
Recently, LEAPS [20] introduced a proactive importance sampling scheme for discrete state spaces
using locally equivariant networks. However, it requires many energy evaluations at inference since it
uses escorted transport.

Generative flow networks (GFNs). GFNs [3, 22] formulate sampling as a sequential decision
process: a forward policy constructs an object step by step, and a backward policy enforces consistency
so that trajectories terminate with probability proportional to a target reward (or unnormalized density).
Training objectives like trajectory balance [26] and detailed balance [4] enable off-policy updates.
Furthermore, Falet et al. [12] propose the sampler for a sparse graphical model with a local objective
similar to our forward-looking parametrization. Though diffusion sampler is a special case of a
continuous-state continuous-time GFNs [40, 6], it remains an interesting question that training a
CTMP on a general state space, as ours, can be unified under the GFNs framework.

Relation to iDEM and BNEM. In EGM, choosing q;¢(z1|x) o pyj1 (2]21) yields simple weights
w(z,z1) = p1(x1) = exp(—E&(x1)). In the VE path on continuous space where target score
identity [11] is available, the integrand can be replaced with the target score instead of the conditional
score. This yields the same estimator used in iDEM [1] and NEM [30]. Yet, it remains an open
question whether it’s possible to derive the target score identity on a general state space. Recently,
Zhang et al. [42] introduce the target score identity on discrete states with neighborhood structure,
which might improve the accuracy of our estimator on discrete space when combined.

6 Conclusion

We introduce energy-based generator matching (EGM), a training method for neural samplers on
general state spaces that directly estimates the marginal generator of a continuous-time Markov pro-
cess (CTMP). EGM is the first neural-sampler framework to handle discrete, continuous, and hybrid
multimodal distributions via a principled generator-matching objective. We also propose a boot-
strapping scheme using intermediate energy estimates to reduce variance in importance weights. We
empirically validate EGM on both high-dimensional discrete systems and hybrid discrete—continuous
domains. Our results show that EGM, especially with bootstrapping, performs competitively when
sampling from complex distributions with multiple modes. This work opens new avenues for training
expressive neural samplers beyond diffusion-based models. Future work may explore unbiased
and low-variance estimation of the generator, learned proposal for better estimation, theoretical
connections to physics-informed neural network (PINN) objectives, and unifying the training of
general CTMP into the GFNs framework.
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A Proofs

A.1 Importance sampling for the generator estimation

This section provides a detailed derivation of the importance sampling estimator for the generator
and its parametrization presented in Equation (9).

Existence of densities. Consider the measurable space (.5, 2) with a 3-measurable reference measure
v (e.g., counting measure if S is discrete and Lebesgue measure if S = R?), as introduced in the
Section 2. Since we focus on a sampling problem, the target distribution p; admits a v-density
% : 8§ = R>o. Assume that the joint probability measure p; ; is absolutely continuous with
respect to the product measure v ® v. Then, all related probability measures py, ps|1, p1j; admits
corresponding v-densities, expressed as:

pe(des) = / pe1(dae, doy) (26)
/ pe1 (T, 21) (v @ v)(day, doy) (27
= ( ptl ﬂﬁt,ﬂﬁ (dxl)) V(dxt), (28)
Pt(ﬂﬁt)
Pt,l(dl‘t,diﬁl):/ e1 (2, 21) (v @ v)(day, dy) (29)
:/Wpt(xt)u(dxt)u(dml) (30)
_ pt,l(xuxl)
_ / P T (dw (), 31)
=p1j¢(z1|ze)
pra(dre, dzy) = /ptﬁl(xt,ml)(y®V)(dxt,dxl) (32)
:/%pl(xl)u(dxl)y(dxt) (33)
= /pt;ffglﬂ)?l) v(dxy)pr (dxy), (34)

:Pt|1(lt\$1)

where p; 1 (¢, x1) denotes the density of the joint probability measure.

SNIS estimation of the generator. We introduce a proposal distribution g;; : ¥ X S — Ry,
satisfying absolute continuity conditions: py(-|z) < qu¢(-|z), q1¢(-|7) < v and v < qqp(-|7)
for all z € S. Using the marginalization trick Equation (3) and the Radon-Nikodym theorem [23,
Chapter 7], we have:

Lof (#) = Baynpy, (1) [£51 F (@)] 35)
dp -
= Eac1~¢11|t('\x) Wi\lz(:ﬂ”x)ﬁtuf(x) . (36)
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Since the Bayes’ rule holds for the v-density, i.e., py ¢ (z1|z:) = () , we obtain:
_dp1|t o1
ﬁtf(xt) = EIlN’hu("It) d (I1|$t)£t|1f($t) 37
L Aq1 |t
[dp1)e v -
:E11NQ1M("¢%) I dv ( 1|xt)M(xl|xt)[’t‘llf(xt) (38)
[p1e(zi|ze) .,
=EeingiiClen) | — 77 L4f 39
misellee) Lquje(@1|2e) t‘lf(xt) 59
:EQL’INQI\t("xt) w(mt’xl)‘ctxﬁf(xt)} (40)

p1(x1)pe)1(@e]z1)
Zpe(z4)q1)e (1))

with tractable unnormalized density w(x¢, x1) := %'

Pm(wlﬁt) _
Qm,(fl\ﬂit)

where w(xs, 1) := . We estimate the normalization term Zp;(z:)

_ P1(z1)per (w¢]21)
Eriman (1 , =FE; ~gi. (| 41
x1~qre (-] )[w(xt xl)] 1~q1e(-|z) |: Q1|t($1|$t) (41)
— [ Benp(ardenodn) 2)
p1(x
= /Zpl(Zl)pt‘l([EtkCl)l/(d[L‘l) (43)
=2 [ (e (adenvdn) (@4
Thus, we derive the self-normalized importance sampling (SNIS) estimator for the generator:
EIlN’h\  (+ze) w(mh le)ﬁflllf(l‘t)
Lof (a0) = o | (46)

]El'l"’(h\t(‘k%) [@(xtv Il)]

SNIS estimation of the parametrization. Similarly, the SNIS estimator for the parameterization F}
is:

Ft(xt) = Eflfl'\’plh("mt) [thﬁ (‘rt)] 47

dpys z
= Earnquolon) [d ' Cmm)ﬂﬁ(m)] (48)

q1|t

pre(wilze)
=E. - . - - fn 49
ot [ P ) )
 Earan(len) D@ ) Ffi ()] o

Evymg o (clze) [0(28; 1))

Specifically, the expression above suggests the Monte-Carlo (MC) estimator with K samples
(1) (K)

cooy iy~ gy e(-|x) as follows:

K () ot
. Zi:lw(xtyxl )Ft|1 ()
Ft(xt) K - 0) .
Yim1 (e, zy7)

This is a SNIS estimator of the parametrization Fy(x).

61V

A.2 Proof of Theorem 1

For convenience, we repeat the theorem and its assumptions below.
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Theorem 2 (Restatement of Theorem 1) Let ﬁf‘; denote the conditional generator for conditional

probability path py,(-|z,) for 0 < t < r < 1. If the backward transition kernels py), satisfy the
Chapman-Kolmogorov equation,

pnldefen) = [l e, o), 52
and the conditional generators ,CflTT satisfy the marginal consistency as follows,
B prs ) | E0pF (@0)] = £ F (1), (53)
Then the marginal generator can be expressed as follows, regardless of r:
Lof(00) = Eppmpy (o) | £ (@) (54)

where p,|;(dx,|x) is the posterior distribution (i.e., the conditional distribution over intermediate
state x, given an observation x at time t).

Define the marginal generator conditioned at time r as Ly, f(2) = Ey,vp, () [Eflrrf(:z:)]. Al-
though this definition depends explicitly on r, we aim to demonstrate its independence from 7.

This invariance is crucial since any dependence on r would result in conflicting objectives at times
t < rq, 7o for distinct 71, 72. The proof proceeds in two main steps:

1. Verify that the marginal generator £, generates the probability path (p;)o<i<r-

2. Show the marginal generator’s independence from r (i.e., Ly, = L).

To establish the first step, it suffices to verify that the Kolmogorov Forward Equation (KFE) holds for
the probability path (p;)o<¢<, and the generator L;.,:

%Ezwm [f(xe)] =Egymp, Lo f(ze)] for 0<t<r <1 (55)

The KFE is satisfied for the conditional probability path pt|r by definition:
%Emm(,m)[f(xt)] = Eopropy () [cfl;f(xt)} L 0<t<r<l,m. €S (56

Thus, we have:

Egpmp [Ltir f ()] = Eapnp Eapmp, (20 [ﬁﬁ'}f(l’t)] (57)
= B By, (o) [£550 (0] (58)
= Eernpr By o) [F(20)] 59)
= %EITNPTEmth-('\%) [f ()] (60)
= B [f(20) 1)

Hence, L., indeed generates the probability path (p;)o<i<r-

Next, we demonstrate the independence of L, from the choice of 7:

Linf (20) = Bapmpy o) |50 (0)] (62)
= Efl“‘l’l\t(‘|%)Emr~l’r\t,1('|90t7$1) |:£tx\;f(xt):| (63)
= E$1~P1\t(‘|1‘t) {Etﬁllf(xt)} (64)

where the marginal consistency assumption Equation (13) is applied in the third equality. This
concludes the proof.

15



A.3 Derivation of bootstrapping estimator for generator estimation

We derive a bootstrapping estimator for the marginal generator and its parametrization proposed in
Equation (21), based on the marginalization trick in Equation (54).

Bootstrapped SNIS estimation of the generator. Assume that the backward kernel p; |, admits
a v-density. Then, the posterior p,|; also admits a v-density. Let the proposal distribution g, |; :
Y xS — Ry satisfy pr (+|2) < grp(-|2), grp(|7) < v, and v < g4 (+|z) forall z € S. Applying
the same change-of-measure trick as before:

Lof(@) = Erpmp i) |3 f ()] (66)
-dpr t T
= Emrwq“t(-\zt) qu:t (mr|xt)£t;f(xt):| (67)
-dpr|t dv 2y
=Eopngoi () dv (Wr|95t)dqut($r$t)£t|,«f($t)} (68)

-pr\t(w”‘|xt) T

=Kz g, (o) | ——— L0 f (2 ] (69)
arie (o) L Grje(wr|ze) tr ()
-pr(xr)pt\r<xt|$r) T :|
=Esr g (|2 " (70)
arieCle) L Pe(we)qr)e (70 |4) tl (=)
= Ea gy (W 2) C51 S (@0)] (71
where the importance weight w(z¢, ) is given by
e (T | T Dr (T )Pt (Tt | T
wlar,a,) o= o) Do) )
@rit(Tr|zt) Pt(4)qre (Tr|T1)
To estimate the unnormalized density p;(z;), we define the unnormalized importance weight:
Nr z r\Lt|Tr
(@, ) = Pr( )Pt\ (z¢|zr) (73)
QT\t(I'r'|xt)
and compute:
i) = [ popCarlen) (o w(da,) (74)
pt|r(mt|xr)ﬁr(xr)
= qri¢(xr|xe)v(d, (75)
J ey eterkeonas)
ptlr(xt|xr)ﬁr(xr)
= EITN (e (76)
el [ arie(erlen)
= EITNQTH(-\M) [’J}(l‘t, Z‘T)] . (77)
Thus, the marginal generator can be expressed in SNIS form as:
ECI)TN - t(|xt)[w(xt7xr)£m:‘f(mt)}
Lif () = —— - (78)

]Emr"‘qr|t('|xt) [w(mta wr)]

Bootstrapped SNIS estimation of the parametrization. Now we derive a similar expression for
the parametrization of the generator. Suppose the conditional generator £} admits a parametrization

tlr
FtT; such that,

Lin f (@) = (Kf(we), Fyy (24)), (79)
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where /C is an operator fixed for each type of Markov processes. From the marginalization trick again:

Lf @) = Bgpmpy (o | £if @0)]

=By () [</c f(xt),Fj;(xt)ﬂ

= <’Cf(zt)?]ELEerr|t('xt) [Ftw\; (xt)}>

=Fy(z¢)

by linearity of the inner product. Thus, the marginal generator is parametrized by
Fi(@1) = Banp, o (oo [Fyy (20)]-

By applying the same importance sampling trick, we obtain the SNIS estimator:

Fy(zy) = ]EUETNPWHM) FtT: (xt)}

erQT\t('lmt) dq'r'|t (x"’xt)FtiT':(‘rt):|

=K

=E

_pru(lhixt)l?xr( t)}

zrrgrpe (- 2e) _m t|r

B, o) [0 2) ) a0)]

EITNqut("zt) [7:[](3?157 xr)]

(1)

Specifically, this yields the following Monte Carlo estimator using K samples =, /, ...

QT|t('|xt):
2

i S (e, 2 VF (20)
Ft(.fCt) = K - 6]
Dimy W(Te, zr”)
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(84)
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87)
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B Generator estimation in the multimodal spaces

Our estimator can also be applied to the mixed state spaces S = X x Y within the generator matching
framework. Let {py1(-|71) fo<¢<1 and {py1 (-|y1) }o<t<1 denote the conditional probability paths on

the X and Y, respectively, and let £ and LY denote the corresponding conditional generators

t|1 t|1 !
for x1 € X and y; € Y. Assume these generators are parameterized by thﬁ :[0,1] x S — V4 and
F;ﬁ : [0,1] x S — VA, respectively. For the joint space S = X x Y, we consider the factorized

conditional path:
pe1(dee, dyglzs, y1) = Peji(doe|wr) pyji(dyelyr),
where z;,z; € X and y4,y; € Y.

According to Proposition 5 in Holderrieth et al. [19], the conditional generator associated with py);
admits the following parameterization:

Fit (o) = (B @), Bl )

where the sum, scalar product, and inner product are naturally defined over the tuple (-, -) € V; x Va.
Thus, the importance sampling estimator for the parameterized generator can be written as:

Fy(ze,y0) = E$1,y1~P1\t('\$t7yt) [Ftcﬁwl (@1, yt)]’ (89)

d - _
pllt($1’y1|$t,yt) (thi (z¢), Ffﬁ(%))} . (90)

= E —
d(h\t

z1,y1~q1: (|Te,ye) {
As in the uni-modality case, this leads to a self-normalized importance sampling estimator, which

can be directly extended to the bootstrapping setting. This demonstrates the generality and flexibility
of our framework in handling multi-modal spaces.
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C Example of EGM with application to flow and masked diffusion

C.1 Generator of flow and jump model

In this section, we provide the definition of flow and discrete jump models, their generators and
parametrizations. For the case of diffusion processes or more rigorous derivations, we refer the reader
to Holderrieth et al. [19]. The discrete jump model is often referred to as a continuous-time Markov
chain (CTMC).

Flow model. Let the state space be S = R?, and let u; : R? x [0,1] — R? be a time-dependent
vector field. The flow X, is defined by the following ordinary differential equation:
dX,

el ut(Xe),  Xo ~ po. O

By definition of the generator, the generator of the flow model is given by
E[f (Xe1n)|Xe = 2] — f(2)

£4f(w) = Jim : ©)
—0

— py BLC) 10 00) 5 000X, =] - ) o

= V(@) u(Xy), ©5)

where we use a first-order Taylor expansion. Hence, the generator of the flow model admits the
following linear parametrization:

Lif(x) = (Kf(x), w(x)), Kf(r)=Vf(r), (96)

i.e., the generator is parameterized by the ODE vector field u;, and EGM aims to learn u; via its
conditional counterpart wy; .

Discrete jump model. Let the state space S be discrete with |S| < oo, and define the time-

dependent transition rate matrix Q; : S x S x [0,1] — R such that Q¢(z, ) = =3, , Q:(y, z)
and Q¢ (y, z) > 0 for all y # x. The CTMC is defined by the transition rule:
Xivn ~ Peane (1 Xe) = 0x,(-) + hQ4 (-, X¢). 97)

We derive the generator informally; see Davis [10] for a formal treatment:
Elf (Xen)| Xy = 2] — f()

Lif(z) = }lllgb W (98)
_ }llljf}) Elf (Xiqn) — F(Xp)| X = x,Jum}[L) in[t,t + h)|P(Jump in [t,t + h)) (99)
. E[f(Xiyn) — f(X¢)| Xt = 2,No jump in [t,t + h)]P(No jump in [¢, ¢ + h))
+ illlg}) h
=0
(100)
_ Qe(y,x)h N/ h
_ iy T~ SO R Qe 1 o
=> (fW) = F@)Qu(y,x) = D f(y)Qu(y, x) (102)
y#£T yeS

Therefore, the generator of the CTMC can be linearly parameterized as:
Lof(@) = (KF(2),Qu(, ), Kf(@) = (f(y) — f@)yes, (ab) = ayb,  (103)
yeS

i.e., the generator is parameterized by the transition rate matrix Q; (-, z), and EGM aims to learn @,
via its conditional form Qy;.
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Remark on linear parametrization. Under mild regularity conditions (e.g., Feller processes),
Holderrieth et al. [19] shows that Markov processes on both discrete and continuous state spaces can
be universally expressed via linear parameterizations:

1. Discrete state space (|.S| < 0o): The generator is parameterized by the transition rate matrix
Q:, corresponding to a CTMC.

2. Euclidean space (S = RY): The generator is parameterized as a combination of flow,
diffusion, and jump components.

This implies that, like GM, EGM is capable of modeling a wide range of Markov processes on both
discrete and Euclidean spaces.

C.2 Application to the conditional OT flow model
This section details the application of the EGM framework to flow models defined via the conditional
optimal transport (CondOT) path.
Definition of the CondOT path. The conditional OT probability path is defined as:
X =tX; + (1 —t)Xo, (104)

where X ~ p1, Xo ~ pg = N(0,I), and X, X are independent. It linearly interpolates between a
Gaussian prior and the target distribution. By construction, the conditional distribution is given by:

pi1 (@e|21) = Nz ta, (1 —t)20). (105)

EGM on the CondOT path. First, consider a naive implementation of EGM with a simple proposal
distribution defined as:

q1e(z1]me) o pypy (2e|z1) = N (e tae, (1 —¢)21) (106)
llze — tay 3
— o 107
o<exp< e (107)
lz1 — %113
t2
which implies that
x; (1—1)2
qupe(wr|re) = N <~T1; Tt, ( 2 ) I) . (109)

This choice yields a simple importance weight of the form @ (x¢, 71) = p1(x1)/Z1)¢(z¢).

Using the identity from Equation (51), the estimated vector field u;(z;) becomes:

> ) )
up(wy) = — Z”‘(j;)( f,.‘)l) (110)
1T
Zi Zm(lft)
I
_ Zz’pl(xg))uzl (z¢)
> p ()

where x(li) ~ q1)¢(-|x¢). This is precisely the same estimator used in Woo and Ahn [39] for the
flow-based sampler.

: (111)

Assumption check for bootstrapping. Next, we derive the bootstrapping estimator. We construct
the backward transition kernel py, satisfying the marginal consistency Equation (52):

2

t t
pipr(e|zr) = N (e ;xT,UtIL or=(1—-1)?— 772(1 —r)2 (112)

We verify the consistency via:
[ PGl o arlen)de, = pun(aifon). (113)
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Using reparameterization tricks X; = & X+ Vo6, Xp =17 X1+ (1 = 71)ep, € L €, we have:

\wll

Xt = (TX1+(1—7”)6r)+ft6t (114)
:tXl—l—;(l—r)er—i—ﬁtet (115)
X+ (1=, € ~N(0,I), (116)

d . o . .
where = denotes that two random variables have same distribution. Thus, marginal consistency holds.

The conditional vector field uy|,. is defined as:

1 t
Ut\r(xt|1'7) = xr + — 2% ( *xr)- (117)
Ot T
This vector field arises naturally from differentlatlon of the reparameterization:
t . 1 :
Xi ==X, +Vo, X0 = Xi=-X,+0:Xo (118)
r r
1 NG t
=X + Y2 (x, - -x,) (119)
r \/cT r
1 t
x4+ 2t <Xt °x ) (120)
T 20 Ot

Now, verify that the conditional vector field u;, satisfies the marginal consistency Equation (53):
EITNPT|1,n('II17It) [ut\r(xtlxr)] = ut|1($t|$1)- (121)

pt\r(ﬁtlwr)pr\l(wrlajl)
Pt\1(1t|$1)

With pyy (2|21, 7¢) = being Gaussian, its mean is explicitly:

t(1—17)? roy
= . 122
/’(‘r|1,t(‘rlvxt) T'(]. R t)zxt + (1 — t)2x1 ( )
Direct calculation confirms consistency:
1 t
Eicr"‘%ﬂ,t("xlamt)[ut\r(xt|x7’)] = ExTNpﬂl,t('lwlvxt) |: Zr + Tt <xt - rxr>:| (123)
1 O t
= [Barnpy Gl wn o]+ 5 - (zt = b Gl ]
(124)
1 o t
= ;Mrll,t(wlaxt) + Tctt <$t - rﬂr|1,t(3917$t)> . (125)
The first term 24,1 ; reduces to,
1 t(1—r)? o
. , = 126
~H 1,(21, ) 2= t) 7Tt + T (126)
_ t(1 — )2z + 120021 (127)
r2(1—t)?
t(1—r)?
= —1 128
I t)2( ¢ — to1) + a1, (128)
where we used o, = (1 —t)? — %(1 — 7)? in the third equality.
The part of second term x; — %u,.|l7t(x1, x¢) reduces to,
t t2(1 —r)? toy
Ty — ;/U'r\l,t(l'hxt) = — 21— t)2$t - a- t)2$1 (129)
r2(1—1)2 —t2(1 —r)? toy
- 130
r2(1— 1) T a2 (130)
Ot tO’t
_ _ 131
=02 ~ A=t (131)
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where we used o, = (1 —t)? — %(1 — 7)? in the third equality.

Put it all together, we conclude that,

1 o t
B mpypn o Gl e Ut (T |20)] = ;Nr\l,t(mlaxt) + Tatt(xt - ;Mru,t(xuxt)) (132)
t(l — 7’)2 dt Ot tO’t
= — —t _ —
2o ) F s | G T g e
(133)
t(]. — 7")2 dt
= m((ﬂt—tfﬂl)-’—xl"—m(iﬂt—tfﬂl) (134)
t1—7)2 &4\ ¢ —tay
_ %t a8 135
< 2 T2 ) o T (133)
Ty — taq
=1—-t)——+ 136
( ) 112 + I (136)
— xi :ff (137)
= w1 (we|z1), (138)

which implies the proposed transition kernel py|,(z¢|x,) and conditional vector field wuy, (z¢|z,)
satisfies the assumption of our Theorem 1.

Bootstrapped estimator for the CondOT. Lastly, we define the bootstrapping estimator for the
CondOT flow model using proposal as follows:

t
%'H(mr‘xt) X pt\r($t|$r) = N(z; ;xrvat'[) (139)
_t 2
X exp (_ |4 . 7.1‘7«”2) (140)
Ot
x, — L3
X exp <—”72tt”2 , (141)
QtTO-t
which implies that
roor?
qr|t($r|xt) =N L3 E(Etv tizo_tl . (142)

The bootstrapping estimator is then given by:

S @, 2 g (]2,
S (a2
(1)

where samples z, /. .. Lot~ qr(¢(-|w¢) and E2 () is learned energy estimator.

(2, x,) = Pr(x,) = exp(—E2(x,)), (143)

’lAJ,t (xt) =

C.3 Application to the masked diffusion model

This section describes how the EGM framework can be applied to discrete jump models using the
masked diffusion path.

Definition of masked diffusion path. We define the masked diffusion path as follows:

K K
P Garkar) = 0, ) + (1= 2

T

> 5]\4(3615). (144)

T

where £ : [0,1] — Ry is an increasing function satisfying ko = 0, k; = 1, M is the mask token,
and §,, is the Dirac-delta distribution centered at x. Next, we derive the conditional transition rate
matrix generating the conditional probability path py,.(-|z,.). Starting from the Kolmogorov forward
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equation, we have:

jtpt‘r(yf'xr) = :; (0, (ye) — O (ye)) (145)
B % Ky i o, e = K)o, (y) = (Kr — Ke)0nr (ye)) (146)
= %KTT,% (00, (y6) = Pujr (el 1)) (147)
B ; mf oy Oae (Ue) = 0, (y) )1y (i) (148)
= S sl o a1l 149)

Tt

thus obtaining wuy|, (¢, x¢|z,) = Kt (54 (y¢) — 02, (1))

EGM on the masked diffusion path. We first introduce a naive implementation of EGM using a
simple proposal distribution defined as:
qe(z1|ze) o< Py (e|T1) = Keay (1) + (1 — Kt )Onr (24) (150)
(151)
which implies:
Unif(z; S — M) (z=M)
= . 152
o) = {570 (o # M) (13

This yields the simple importance weight w(z¢, 21) = p1(21)/Z1;(2¢). Following Equation (51),
the estimator for the transition matrix w.(ys, x+) becomes:

o .
K i@ (e, w2t

- (153)
SE i)

ﬂt(yt>=’ft) =

where samples xgl), ... ,ng) ~ qupe(-|ze).

In practice, the state space S = [N]” factorizes along dimensions, where D is sequence length and
[N] ={1,..., N}. We thus factorize the masked diffusion path as follows:

e (wefar) Hpm wil21),  pip(ailah) = medy (2)) + (1= k)dar(ay)  (154)

where 2° € [N] denotes the i-th token of the sequence x € S. The proposal q1)¢ and the transition
rate matrix u;(y, ) factorize accordingly. The proposal factorizes as:

qe(T1l|ze) = HQ1|,: alay) oc Hpt\l (zf|21), (155)

where q{‘ , is a proposal defined over each dimensions. The transition matrix factorizes as:

Zé uy(y', @), (156)

where 2% denotes the x without i-th token and u! is transition rate for each dimension. Hence, our
neural network is trained to predict the D x N matrix NNy : (z¢,t) — (ut(yt, xt))1§i§p yie[N] -

Assumption check for bootstrapping. The backward transition kernel py),. of masked diffusion
satisfies the marginal consistency since it defines the Markov process (noising process of masked
diffusion). Thus, it is suffice to show that the conditional transition rate matrix ut|r(yt, x¢|x,) satisfies
the marginal consistency Equation (53):

Ex,r~pr‘1,t(-\ml,mt)[Ut|r(yt7It|17r)] = g1 (Ye, Te|21). (157)
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This condition can be confirmed via explicit calculations. Note that pr\1,t($r|$17$t) =
Per(Tt|Tr)prp1 (@r|21)
pej1 (we]z1) ’

(LHS) = 3~ (60 (0) = b2y () Pryss o1, 1) (158)

Ry — R
- T t

pt|r(xt|$r)pr|l(xr‘ml)

Pt|1(9ﬁt|1171)

(159)

Ry

= Z Hj P (6:1:7 (yt) - 6ZL’t (yt))

= (K:r — Kt)pt|1<xt|x1) ; ((;J%(yt) - §$t (yt))pﬂr(mt‘mr)pr\l(zrul) (160)
= ey (091 (01) = Sas ) ot M) (M) (161)

(B (00) = O, (90))Pape (@) (1]21) ) (162)
= G oy (001 00) = 8, Bas ) (1 1) (163)

+ (0, () = 0, (92l )1, ) (164)
_ 0 (@ =21 165
"\t G ) — 00, w)) (1 2 ) e (we= M) (169
= 7 (0 () = 8 (30) (166)
= w1 (Ye, 24| 21) (167)

where we used the fact that p,|,(,|21) > 0 for only 2, = M or x, = x; in the fourth equality.
Hence, the proposed transition kernel p; |, and conditional transition rate matrix u,), satisfies the
assumption of our Theorem 1.

Bootstrapped estimator for masked diffusion. Lastly, we define the bootstrapping estimator for the
transition rate matrix of masked diffusion model. We use the following proposal:

K K
tonlarlen) o pop(orlan) = 40, o)+ (1 2 du (o) (168)
:*’ (xt # M, 2, = x1)
_ 0 (mt?éle“r?éIt)
B 1—:—: (x¢e = M,z £ M) (169)
1 (mt = M, Ty = M)

which implies,
0z, () (ze # M)
arie(@rlee) = {Cat( — Rl i) (@ = M)

where the mask token is the last token M = N and Cat is the categorical distribution with unnormal-
ized weight.

(170)

The bootstrapping estimator is given by:

S @, 2 gy (o, w2

ﬂt(yta CUt) = K - (@) 9 d)(mb :'CT) = ﬁr(xr) = eXp(_gj’)(mT))v (171)
Dt Wz, @)
where samples xﬁ}), . ,x&K) ~ qr(¢(-|z¢) and £ (x,) is learned energy estimator.

Learning energy with generalized NEM objective. We train the £ with the following estimator
for the intermediate energy:

Er(zr) = —1ogEyy gy, (o) [exp(—E1(21))] — log Zy,- (). (172)

24



For masked diffusion, the partition function Z,,.(z,) explicitly depends on x,., is given by:

Zur(xr) = Zpr\1($r|$1) (173)
= ke (@) + (1= k) Snr () (174)
_JN=1D(A = k) (zr=M)

- {m (2, # M) (17)

where N is the number of token in the state space S = [N]
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D Additional details on the experiments

In this section, we provide detailed descriptions of the experimental tasks, evaluation metrics, and
experimental setups used throughout this work. The code is available at here.

D.1 Task details

Discrete Ising model. We consider the Ising model defined on a 2D grid {—1, 1}**% with size L.
The energy function € : {—1,1}1*L — R is given by:

Ex)=p —Jinxj +MZCU2‘ , (176)
(i,5) i

where (i, j) denotes pairs of neighboring spins, J is the interaction strength, 4 is the magnetic
moment, and [ is the inverse temperature. We employ periodic boundary conditions and specifically
focus on the ferromagnetic setting (J > 0) without external fields (1 = 0), reducing the energy

function to:
E(z)=—BT Y mix;. (177)
(i,3)

We fix the interaction strength at J = 1.0 and examine various temperatures through 3.

For evaluation, approximate ground truth samples are generated using an extended Gibbs sampling
run consisting of 10k burn-in steps, thinning every 10 steps, and 4 parallel chains, collecting 300k
samples in total.

GB-RBM. The Gaussian-Bernoulli Restricted Boltzmann Machine (GB-RBM) task involves two
continuous visible units following Gaussian distributions and three binary hidden units following
Bernoulli distributions, with the energy function:

E(w1,2) = X7 |o1 — all3 — (b, a2) — X7 ] Waa, (178)
where 71,a € R?, 29,0 € {0,1}3, 2 € R, and W € R2?*3, Parameters are selected to induce
multiple modes, specifically six modes in continuous dimensions (see Figure 5). We set:

10 0 10) _ (179)

a=10,0], b=[-5-5-5, X=2, W:(O 10 0

Approximately ground truth samples are generated using Gibbs sampling with 10k burn-in steps,
100-step thinning intervals, and 100 parallel chains, collecting 100k samples.

JointDW4. JointDW4 exemplifies the molecular sequence-structure co-generation task, extending
the classical four-particle double-well (DW4) benchmark with particle-type-dependent interactions.
This setup includes 4 particles in 2D space, each assigned discrete types, yielding a 12-dimensional
(8 continuous, 4 discrete) energy function:

1
Eroinowa(,1) = > Za(ti>tj)(dij —do) + b(ti, t;)(dij — do)* + c(ti, t;)(dij — do)*, (180)
,J
where d;; = ||x; — x;]|2 is a Euclidean distance between the particle ¢, j and ¢; € {1, 2} is the type
of particle ¢. The parameters are set as follows:

o .- . (-30 25 (08 04
a(y) =0, 7=1, do=2 ’b—<—2.5 —2.8)’ C—<0.4 O.6>’ (181)

where b(t;,t;) = by, and c(ts, ;) = cp,¢;.

Ground truth samples are similarly obtained from Gibbs sampling, running 10k burn-in steps, thinning
every 50 steps, across 100 parallel chains, collecting 100k samples in total.

JointMoG. The JointMoG extends a Gaussian mixture benchmark commonly used for evaluating
diffusion samplers. It includes one continuous dimension £ € R and one binary dimension b €

{-1,1}:

1
En-sointoG (2, b) = ﬁ”ﬂé‘ — b3, (182)
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Figure 5: Ground truth sample plot of GB-RBM (left) and JointMoG (right). Samples are projected
onto the first two continuous dimensions.

with standard deviation o. We scale this model to 20 dimensions (10 continuous, 10 discrete) for
benchmarking:

1
Excimmtos (2, 0) = D 5 [l = bill3, (183)
with o = 0.3 to create clearly separated modes. Exact sampling is possible by first sampling discrete
variables uniformly and subsequently sampling continuous variables from corresponding Gaussians,
providing exact evaluation samples.

D.2 Metrics

Evaluation metrics in our experiments primarily utilize Wasserstein distances, computed via the
Python Optimal Transport (POT) library [13] using exact linear programming. Specifically, we
measure the distances between 2000 empirical samples generated by our samplers and 2000 ground
truth samples uniformly selected from extensive Gibbs sampling or exact sampling processes.

The Wasserstein distance of order p between two probability measures p and v is defined as:

1/p
W, (p,v) = inf /d x,y)Pdr(x, ) , 184
) = (it [ dteppaston) 184
where [[(u,v) = {m € P(X x X) | m(A x X) = p(A),n(X x B) = v(B)} is the set of all
couplings between p and v, and d(z, y) denotes the metric on the space.

Energy 1-Wasserstein (£-1V;). We use the Energy 1-Wasserstein distance as our primary evaluation
metric. It measures the 1-Wasserstein distance between the empirical distributions of energy values
computed from generated and ground truth samples. This metric is universally applicable across all
sampling tasks and effectively captures discrepancies in the energy distributions regardless of the
underlying state space and Markov processes involved.

Magnetization 1-Wasserstein (1/-V1). For the discrete Ising model, we additionally employ the
magnetization 1-Wasserstein distance. Magnetization for a given spin configuration x € {—1,1}1*L
is defined as the average spin:

1
M(z) = ﬁZm (185)

This metric assesses the discrepancy in magnetization distributions between generated and ground
truth samples. Particularly in low-temperature scenarios (e.g., 8 = 0.4), the system exhibits distinct
modes around extreme magnetization values, making this metric especially sensitive to capturing
difficulties in multimodal sampling.
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Table 4: The best hyper-parameters combination for EGM and Bootstrapping (BS). Flow LR stands
for the learning rate for the learned intermediate estimator.

Tasks Method Hidden dim. # of layers Flow LR €

Ising 5 x 5, § = 0.2 Egév[ %gg ; 2% 108 0.05
Ising5 x 5, 3 =104 Egév[ %gg ; 10_*3 0.65
Ising 10 x 10, = 0.2 EE’SM 15012; ; 10_*3 O.E)S
Ising 10 x 10, =04 "o o ; 103 0,05
GB-RBM Egév[ };S 2 10_*3 0.61
JointDW4 Egé\/l }gg 2 10_*3 O.E)l
JointMoG Egév[ gg 2 1()_*3 O.E)l

Sample 2-Wasserstein (x-)V,). Specifically used for the GB-RBM task, the sample 2-Wasserstein
distance evaluates discrepancies between the empirical distributions of generated and ground truth
samples projected onto the first two continuous dimensions. A high sample 2-Wasserstein distance
coupled with low energy 1-Wasserstein may indicate mode collapse within certain low-energy modes.
Due to interpretability concerns (e.g., a poor sampler generating trivial solutions might misleadingly
score well), we do not employ this metric for tasks beyond GB-RBM.

D.3 Experimental setup

We performed a grid search to determine the optimal hyperparameters for each experimental task and
method, evaluating each configuration using three random seeds.

As a baseline, we report the performance of a traditional Gibbs sampler [16]. Specifically, we ran
Gibbs sampling with four parallel chains, each performing 6000 steps, collecting a total of 24,000
samples. For evaluation purposes, we uniformly subsampled 2000 samples from this set.

Across experiments, we employed 2000 Monte Carlo samples for estimations and a training batch
size of 300. Both EGM and bootstrapping utilized 100 outer-loop iterations, with each iteration
collecting 2000 samples into a buffer with a maximum size of 10k. The inner-loop iterations were
set to 100 for EGM and 1000 for bootstrapping. We adopted a linear masking schedule (x; = t),
a linear conditional OT schedule (a; = %), and an exponential variance exploding (VE) schedule
(01 = omax (Z22)Y). All samplers were trained using the AdamW optimizer with an initial learning

O max

rate of 1073, applying a cosine learning rate schedule with 7,;, = 10~°. Training was conducted on
an NVIDIA-3090 GPU (24GB VRAM).

For bootstrapping, the intermediate energy model £ was trained with a separately tuned learning
rate. Bootstrapping step sizes of € € {0.01,0.05} were evaluated, and an exponential moving average
(EMA) was applied to stabilize estimates from £%.

In multi-modal tasks, we applied a weighted loss combining discrete transition rate matrix prediction
errors and continuous drift prediction errors: Lggym = Adise Ldiscrete + Aconti Lcontinuouss With fixed
coefficients A\gisc = 5.0 and Acon = 1.0.

Additional task-specific details are provided below, and optimal hyperparameters are summarized in
Table 4.

Discrete Ising model. We employed a 3-layer MLP with sinusoidal time embeddings for both the
intermediate energy function and the transition rate matrix. Each discrete token representing spin
values -1 or 1 was embedded in 4 dimensions. Following Gat et al. [14], the transition rate matrix
u¢(y, x) was parametrized using a probability denoiser p;,(y|x) analogous to the x;-prediction
in the flow models. Hidden dimensions were explored within {256, 512}, with additional trials at
{1024, 2048} for the 10 x 10 Ising grid.
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GB-RBM. We utilized a 6-layer residual MLP with 128 hidden units, a 4-dimensional discrete
embedding, and a 64-dimensional continuous embedding. Discrete and continuous embeddings
were concatenated and fed into the shared 6-layer MLP. Separate predictor networks subsequently
estimated the continuous drift and discrete transition rate matrix. The conditional OT path performed
best for both EGM and bootstrapping. We clipped the regression target F} at a maximum norm of 20

and the energy estimator &, at 100 to stabilize training.

JointDW4. The network architecture matched that used in GB-RBM. The conditional OT path again

yielded optimal performance for both methods. Regression targets F; and energy estimates & were
clipped at maximum norms of 100 and 1000, respectively.

JointMoG. We maintained the same 6-layer residual MLP structure as GB-RBM. The VE path
achieved superior performance for both methods, configured with o, = 2.0 and oy, = 0.01.
The regression targets and energy estimates were clipped to maximum norms of 100 and 1000,
respectively.
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E Limitations and Discussion

We have presented an energy-driven training framework for continuous-time Markov processes
(CTMPs). Our method introduces an energy-based importance sampling estimator for the marginal
generator and proposes an additional bootstrapping scheme to reduce the variance of importance
weights. By lowering this variance, we demonstrate that the bootstrapping approach significantly
enhances the sampler’s performance.

Limitations of our work. Despite the strengths of our approach, several limitations remain. First, we
have not extensively evaluated the method on high-dimensional tasks due to limited computational
resources. While our framework performs well on benchmarks of moderate scale, its scalability
to complex high-dimensional domains—such as protein conformer generation—remains an open
question.

Second, we observe that the training process can be unstable. We hypothesize that this instability
stems from the simultaneous optimization of the CTMP and the energy model. This joint training
often leads to degraded sampling performance. We apply exponential moving average updates to the
energy model, which empirically stabilizes training. Nonetheless, further investigation is required to
improve robustness.

Third, our estimator incurs bias due to self-normalized importance sampling and the potential
mismatch between the proposal and the true posterior distributions. This bias may compromise the
accuracy of generator estimation, particularly when the proposal diverges significantly from the
posterior. Although the bootstrapping scheme helps reduce this mismatch, its effectiveness depends
on the intermediate energy estimator’s quality, which may introduce additional bias.

Comparison to LEAPS. We compare our method to LEAPS [20], a neural sampler designed for
discrete spaces. Our framework is more general in that it applies to arbitrary state spaces and Markov
processes, including both continuous and discrete cases, whereas LEAPS is limited to discrete
domains. Even when instantiated with a discrete sampler, EGM and LEAPS differ fundamentally.
EGM relies on the prescribed conditional probability paths that mix the target distribution, while
LEAPS is built on the escorted transport with a temperature annealing. In continuous domains,
it has been shown that geometric annealing paths can lead to optimal drifts with high Lipschitz
constants [27], which limits sampler performance; whether a similar issue arises in discrete spaces
remains an open question.

Additionally, EGM does not utilize an MCMC kernel (analogous to Langevin preconditioning in
continuous settings), whereas LEAPS explicitly relies on this mechanism. We believe exploring both
directions—leveraging and omitting Langevin preconditioning or MCMC kernels—offers promising
avenues for future research.
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F Additional results

F.1 Additional qualitative results

We provide additional qualitative results for the experiments in Section 4. In Figure 6, we plot the
energy histogram of the GB-RBM and JointDW4 compared to the ground truth sample. The Gibbs
sampler baseline, EGM, and Bootstrapping match the ground truth energy histogram. However, the
Gibbs sampler on GB-RBM suffers from mode collapse as demonstrated in Figure 3.

0.8 Ground Truth Ground Truth
EGM 0.51 EGM
0.6 Bootstrapping Bootstrapping
Gibbs 0.4 Gibbs
= 2
£ 0.4 2 0.31
A A
0.2
0.2 b
= 0.1
0.0—= S — w 0.0 — ‘ .
0 5 10 15 -10 -5 0
Energy Energy

Figure 6: Energy histograms of various samplers on the GB-RBM (left) and JointDW4 (right).

F.2 Effective sample size of our MC estimator

We present quantitative evidence of the bootstrapped estimator’s superiority over the naive EGM.

Since the true marginal generator is intractable, we assess estimator quality via the effective sample
size (ESS):

n ~\2

. i) 1

Bss = ez @) 1

dlimg Wi n

where w; denotes the unnormalized importance weight with the i-th proposed sample and 7 is the

total number of MC samples. We report the normalized ESS to indicate the fraction of effectively used

samples. Figure 7 shows the average normalized ESS over the course of training. The bootstrapped

estimator maintains a significantly higher ESS during training, confirming its improved utilization of
proposed samples compared to the naive EGM.
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Figure 7: Effective sample size (ESS) of the Monte Carlo estimator during training on the Ising
model (10 x 10, 8 = 0.4). ESS is evaluated at each regression point and then averaged across all

points. In the early training phase (shaded region), the energy model is insufficiently trained, so ESS
estimates are unreliable.
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